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ABSTRACT. These two papers continue the investigation of the Stieltjes

summability method, its generalizations and their application to summing sin-

gular Sturm-Ljouville (S-L) eigenfunctions. g8
/ b oA ;;

Paper 1: Given a general singular S-L system on a semi-infinite domain
possessing a discrete negative and continuous positive spectrum, the problem
of inverting the generalized Fourier transform of LE;O, 46 (1 <p < =) func-

tions is considered. The generalized S-L eigenfunction expansions of LP(0, =)

e

(1 sp < =) fun;tions f are shown to be Stieltjes summable to f with respect
’ to the LP(0, =) norm for 1 < p < = and pointwise on the Lebesgue set of f. As
an immediate application we see that the Stieltjes summability means of eigen-
; function expansions with perturbed coefficients converge pointwise to the

\ priginal function.

Paper 2: (Joint with Professor Mark Kon of Boston University)

his paper unifies and generalizes a number of results in classical summability

Pe 4 |
theory for regular and singular S-L expansions. As this generalized summability
) method is pointwise stable, it has practical application to the area of ill-
posed problems. Namely, it sums S-L -eigenfunction expansions with perturbed co-
efficients to the original function.
i AIR FORCE OFFICE OF SCIENTIFIC RESEARCH (AFSC)
’l NOTICE OF TRANSMITTAL TO DTIC
: ‘ This technical report has been reviewad and is
. approved for public release IAW AFR 13)=12,

Distribution is unlimited.

MATTHEW J. KERPER
‘ Chief, Teohnical Information Division
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1. Introduction: The general nature of this AFOSR mini-grant was to

further the investigation of the Stieltjes summability method for divergent -
integrals and its application to the summation of singular Sturm-Liouville

eigenfunction expansions with a continuous spectral component. This work

is a continuation of research done under Dr. Paul Nikolai at the Flight
Dynamics Laboratory, Wright Patterson Air Force Base dufing the summer of 1980,
Much of the new research results were obtained during the summer of 1981 when
the investigator visited the Massachusetts Institute of Technology and worked
Jointly with Professor Mark Kon of Boston University. The completion of the
research and the writing of the two papers was done under an Army Research

; O0ffice grant DAA-G29-81-G-0011,

Three major goals of the research has been to study
(1) the properties of Stieltjes kernel associaéed with the Stieltjes summa-

bility method;

> ' (2) the summing of efgenfunction expansions
(a) pointwise and with respect to the LP(0, «) (1 < p < =) norm, and
(b) by developing summation methods stable under perturbation of the

expansion coefficients; and

- (3) generalization of classica)l summability results for regular and singular
S-L eigenfunction expansions.
These results were presented, upon invitation, at the speciai session

Summability Theory of the annual American Mathematical Society meeting in

w

Cincinnati in January 1982,
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y) 2. Review of Previous Related Research., A summative technical descrip-

tion of the previous research work now follows.

a) Stieltjes summability:
The Stieltjes summability method for divergent integrals and some of its
L properties were developed by Raphael during the period 1977-78 [1]., The di-

vergent integral f:f(x)dx is said to be Stieltjes summable order w with respect

to g(x) if 1im I —-iiﬁh@i-jg exists. The function g(x) is assumed monotone
o0 0 [1 + ag(x)]

{ : increasing to infinity. Stieltjes summability was compared with Cesaro and

Abelian summability, expanding on some previous work of Bromwich (2] and Moore
i [3] who treated some of the comparison questions under a different formulation.
Stieltjes summability has been applied to discrete series by Hille [4] under

the name resolvent summability, and recently by Judak [5] under the name T-

summation.
o~ In [1) the Stieltjes summability method with g(x) = x and w = 1 was ap-
- plied to the stable pointwise summation of expansions in eigenfunctions of a !

singular Sturm-Liouville system on the half-line: u" - q{x)u = - Au; u(0) = 0,
u(=) < = where gq{x) is continuous, bounded and in L1L0, ), This system has

| a continuous spectral component of {A > 0} and a bounded, discrete non-posi-
tive spectrai component. The generalized Fourier transform and inverse trans-

form are written in the form:

-

FO) = { Fxutx, e, f() = [ Fulx, 2de()

where f(x) ¢ L2[0, @), F(A) is the generalized Fourier transform of f, p(2)

is the spectral function, ~b = inf()), and the convergence, denoted by ~ is

P
P
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in the L2 ncrm, (The latter integral is what is meant by “the eigenfunction
expansion of f“.)
The Stieltjes means of the inverse transform are given by

® (2 )ulx

A

S,(Fi x) =

The following theorem, proved in [1], provides a stable summation method for

the inverse transform based on the Stieltjes means:

Theorem A: Let {ry(x)} denote a net of approximations of F(X) such that
|FY - Flz,p < y. If the summation parameter o is scaled with y so that
a = ky  for some k > 0, then Sa(Fy; x) + f(x) as vy » 0 if x is a continuity
point of f,

An immediate corollary is that the inverse transform is Stieltjes summable
to f at continuity points, (Take FY = F,) Theorem A was proved by appTying

the regularization method of Tikhonov, who used it in [6] to prove an analogous

‘result for regular Sturm-Liouville expansions.

In [7] Diamond, Kon and Raphae)l generalized Theorem A to Lebesgue points
with a sharper scaling.

b) A general class of stable summation methods for singular Sturm-
Liouville expansions on the half-line (see [8]):

The Sturm-Liouville system considered in [8] is slightly more general than
in [1]: u" - q(x)u = ~ au, u{0)cos B + u'(0)sin B = 0, u(») < =, where q(x)

is continuous and in L][O, o), General summation methods of the form

Sa(F; x) = J. F(A)o(an)u(x, A)dp(2)
~b

WAPERWE WEP0. "W o
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are studied, where the summator function ¢ satisfies ¢(0) = 1 and is bounded.

In particular, stable summation methods based on the summability means Scl are

deveioped.

The main results are as follows:

Theorem B: Suppose the following two conditions hold:

a) Sa(F; x) » f(x) as a ~ 0 (i,e. the inverse transform is ¢-summable

to f at x)

b) X Hat <o,
0 t

If ais sc;led with vy so that Y/a]/4 +0and o + 0 as y + 0, then Sa(Fy; X) +

f(x) as vy » 0 (i.e., Sa_is a stable summation method). On the other hand,

if y/a1/4 —x—~> 0 as y + 0 then there exist {FY} such that Sa(FY; X) —%—>

f(x) as vy » 0 (i.e., Sa is not a stable summation method).

The proof of Theorem B relies on results from the spectral theory of
singular Sturm-Liouville systems as developed in [9] and [10]. Theorem B was
motivated by a paper of Krukovski, [11], who developed the analogous class
of stable summation methods and sharp scaling requirements for (discrete) ex-
pansions in eigenfunctions of the N-dimensional Laplacian.

Theorem B is applied in [8] to the Stieltjes and Riesz summability
methods, for which a briori summahility of the inverse transform is known.
The Stieltjes summability result of [1] is extended to include the case of
Lebesgue points. .

c) Absolute spmmabi]ity methods for divergent integrals. While working
at the Flight Dynamics Laboratory, Wright-Patterson Air Force Base, Raphael
considered applying Stieltjes summability methods to divergent integrals on

[0, =), whose summability means are of bounded variation. With Diamond, she
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proved in [12] inclusion theorems relating the absolute summability of divergent
integraIs for two Abelian summability and the Stieltjes summability methods.
These results were presented at the annual meeting of the American Mathematical
Society in San Francisco in January 1981. The preprint based on this work has

been submitted for publication to the Canadian Bulletin of Mathematics.
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New Multiplier Methods for Summing Classical Eigenfunction Expansions

§1. Introduction

The purpose of this paper is to unify and generalize a number of results in classical
summability theory for Sturm-Liouville eigenfunction expansions (see, e.g., [7],{8]), and
in summability for singular Sturm-Liouville expansions. We will show that summability
of such expansions with analytic summator functions, which has been proved in a
number of individual cases, is actually a consequence of so-called resolvent summability
and a “superposition principle” for summator functions.

Classically, summability theory of eigenfunction expaunsions has dealt with the
application of various summability methods (e.g. Abel, Riesz) to expansions in eigen-
functions {un(z)} of a self-adjoint boundary value (typically Sturm-Liouville) problem.
A summability method in its more modern sense is a net of linear operators {¢}eescc
which forms an approximate identity in an appropriate function space. In the classical
‘cae, we make the restriction ¢, = ¢(eA), where A is a self-adjoint differential operator,
¢ is a function on R, and ¢(eA) is defined by operator calculus. Then if f(z) € D(A)

and
f(z) ~ Z Gntn(Z)
is an expansion (continuous or discrete) in eigenfunctions of A, then
HeA)f(z) ~ D and(en)un(z).
The function f is ¢-summable in a given topology if ¢(eA)f e f; the topology may be

one of convergence pointwise or in some function space, generally L. In this role ¢ is

a summator function.
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Throughout this paper A = —2‘5 - g will be a Sturm-Liouville operator. The
success of the approach used here is based on superposition principle: if a function
f is ¢1-and ¢o-summable, then it is a;¢ 4 az¢2-summable, for a;, a3 € C. If
one can obtain a sum or integral representation of a summator function in terms of
functions with respect to which f is summable, then certain regularity properties of
the representation will suffice to prove summability for this function. Correspondingly,
since the integral kernel of a summability method depends linearly on the summator
function, this principle holds for the kernels of summability methods, which is the

central fact used in this paper.

Our procedure begins with a proof that when ¢(eX) = (1 4 eX\)™? fox; € in a complex
domain, then L? functions are ¢-summable in LP and pointwise in fairly general one
dimensional situations. In this case ¢-summability is known as resolvent summability.
The proof is accomplished by estimation of the integral kernel of ¢(eA), which is the
Green function of A4 1. This generalizes known results on resolvent summability [6,2].
From this, expressions for kernels for more general summability methods are obtained
through contour integration of the resolvent kernel. It is then proved that summability
holds if ¢ is an analytic function satisfying certain minimal constraints. This extends

a body of results (see [6), [7], [8]) which deal with specific summability methods.

The proofs here will be carried out for the class of singular continuous spectrum
Sturm-Liouville expansions treated in [1,2). They carry over (in some cases more

simply) to regular expansions on finite intervals.

We now present the problem to be considered in more detail. Let S-L denote the

singular Sturm-Liouville system




. g \‘-,;3'

Au(z,\) = (—-Jd;i + q(zj)u(z, A) = hu(z, \);

u(0, ) cos 8 + u'(0, 2)sin 8 = 0; u(00,A) < o0, (1)

with g(z) € L![0, o) real valued, continuous, and bounded, and 8 € [0,27). Let u(z,))

be normalized by
u(0,\) =sinB, u'(0,\)= —cosf (2)

The spectrum of S-L is bounded from below (say by —b), discrete for A < 0, and
continuous for X > 0 (see (4], Chap. 3). If f € L2[0, c), the S-L expansion of f is

given by

f~ /_ , FO)u(z, \)dp(0), (3)

where

o0
F(\) ~ / f(z)u(z, \)dz.
0
Above, p is the spectral function associated with the system, and F', the generalized
Fourier transform of f, is in L?#, i.e.,

/ °: F*(\)dp(\) < oo.

Throughout this paper, ~ denotes convergence in L? as the upper limit of integration

becomes infnite.

We remark thet the restriction on the potential ¢ in the S-L operator and on the

function f are made in order that the spectral representations given here make sense.

3
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If one takes the summation method to be defined by the integral operator coresponding
to ¢(eA), then the main results of this paper hold for f € L? and a much less restricted
q.

The pointwise convergence of the integral in (3) is well known to be a delicate

question. We define the summability means

se) = [ IFOulz o), (@

where ¢: C +— C is a summator function, with the property ¢(0) = 1.
In [2], the expansion (3) is proved to be ¢-summable at z when HMeN)=(14+eN)"t (e >
0) and z is a Lebesgue point of f, i.e.,
1 z+n
lim — , f(z + n)dn = f(z). ()

n—0 20 Jz—
We next prove this for € complex.
We now mention some conventions. Unless otherwise specified, functions will be
defined on [0, 00). By contour we mean a rectifiable curve. If C C C, then ¢C = {ec:

c € C}. o(A) and D(A) denote the spectrum and the domain of the operator A.

§2. Resolvent Summability in the Complex Plane.
Our starting point is a straightforward calculation of the Green function G} of the

modified operator ——ff; + 4, Rea & R™, with boundary conditions (2):

G, (z,2') = G;-‘S%E:We_%{cosﬂ sinh% —sin g coshf\/—z_}, . (6)

where z5, = max {z,z'} and 2. = min {z,2'} and we assume sin § 7 cos 3; one

checks easily that the boundarf conditions at 0 and co are satisfied.

4
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Let G, be the Green function for 4, = "‘2‘:3’ + g(z) + 2, with g(z) as in S-L,

and o sufficiently small that A, is positive. The distributional equation's

(~& +1)6sw ) = b

(—Ed?zf +q(z) + %)Ga(z, 7') = bu(z) (M

yield (after subtraction)
o0
Go(z,2') — Gi(2,7) = — /; G (z,2")q(z")Ga(2", z')dz"” (8)

The integral on the right is easily shown to converge absolutely via the boundary
conditions (1) on G,. |

It will later be shown that ¢(aA) as an operator on L%(0,o0) has kernel 1G4(z,2'),
if ¢(a)) = (1 4+ a))~!. With this motivation we now prove
THEOREM 1: Let f € L?[0,00) (1 <p< oc). Then for any v > 0 and « in the sector

0, = {a:argal < 7 — 1},

L[" Gueniserer . 1ta)

in L? (for 1 < p < o0), and pointwise on in the Lebesgue set of f.

The proof proceeds by estimates on G, and the use of a theorem from harmonic
analysis on R". We define D, = {a € C:|a| < r}.
LEMMA 1.1: The L'-norm ||2Ga(z, 2')||1,= (respectively, ||2Ga(z, 2')||1,2+) is uniformly

bounded in z' (z) and a € 0, N D, for r sufficiently small. Furthermore,

i-"G;(z, 2') = Ga(2,2')I1,2(2) = O(lax])

5
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uniformly in z' (z) as a —+ 0 in Q.
Proof: The first statement can be checked explicitly for G;(z,z’). By (8) and the

Minkowski inequality for integrals
1 I} 1 ™ 7 1 » '
12 Gale e ~ 1263 (e, e € I2(G22) —~ Gule 2Nl
oo
1.
< lale [ 126302, 2 0lGa(a", )"

0
< Ol [ 1Ga(e", #)ds"
= C"‘I"GOHGG(” 3’)“1,:.

where C is such that ||2G7 (2, 2')|l1,z < C (a € Q,). Hence

(9)

1
I=Galz, )1,z — C < Cllglleol|Galz, 2')ls,2s
and

(10)

1 C
Gz, 2 e € —S——
1 Gele s < T Tl

Similarly, since
- -]
Galz,2') — G (z,2') = —/ Galz,2")q(z")GL (2", 2')dx",
0

we have

Cl

1 ;
||aGa(z,= Mh,er £ 1—aC'|glleo’

where C’ satisfies ||1G4(z, 2')|l;, < C', a €N,

By (9) and (10)

21G3(2,2) — Galz, )1, = %o)

6
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the proof being the same when z « z'.§
LEMMA 1.2: Asa —0in Q2,,

1362 7) — L6atz, )l = of el

uniformly in arg a.

Proof: By (6), |Ga(z, ')l < 753 esrs- Hence by (8) and (10)

I 1
S1Ga(z,#) — Galz,2)| < ~11GL (= 2l lldll0 /|Gl )1,

< fde . _JaC ()
z} = (sinf —cosf) 1— aCIlQ"eol

Proof of Theorem 1: We first prove the Theorem for G,. By (6),

1. 1 !
L6i@) = 2600, 2) - 26P(e ), (12)
where
. e = _ sinf +cosfp —l=*=)
(1) n— (2) /Y — va |
Ga (I,I ) \/E D) ] Ga (z'z ) \/Ez(sinﬂ — (:OS,B)c

Note that both 2G{!)(z,z') and 1G®)(—z,2’) are nets of L!-dilations of radially
decreasing convolution kernels on R. If we extend f(z) to be O for z < 0, the conclusion
of the Theorem for G{!) is then the statement of a well-known result of harmonic

analysis (see [5], Ch. 1). It thus remains to prove that

w»

/o‘ N i—GL”(z, ') f(z')dz’ =0 (13)

in-L? (1 < p < o0}, and on the Lebesgue set of f. But this is clear in view of the
above-stated result and the fact that the replacement z — —z changes G{?)(z, z') into

a convolution kernel , and f(z) into a function which is 0 on R+. To complete the

,‘w,%& o

7
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proof, we define the mixed p,q norm by

i
[

(e, e = ( [ ([ we z')l”dz)%dz’) . 09

By Lemmas 1.1 and 1.2 and standard L? interpolation theory, ||4Gq(z,z')|lp,s and
14Ga(z,z')||p,= are uniformly bounded in a € Q for a small. Hence by (8) and the

Minkowski inequality,

1, .. 1.
;"Gu(z,z’) — Gafz, z')"p,q < ‘/0 ;"Ga(z’ z')llp,,Iq(z")HIG.,,(z”,z')"',,:dz”

1. ..
< sup{n—c..(z, x")llp.zllGa(Z”.z’)llq.z'}!!qlh =0,
zM « a—0
(15)

for a € Q,.
Let fE LP (1< p < o), and L 4 % =1 Then

[ Lerte ) — Gata NE)e2| < 262020 — Gala p.elifll, 0

as a — 0 in {1,, by Lemmas 1.1 and 1.2.

In addition, if 1 < p < oo,
1 1
1 Lieae#) — Gule, D114 < UG (55) — Gale, N lifll =0
by Holder’s inequality. This finishes the proof.}
§3. Summability for Analytic Multipliers

" In this section we develop a representation of the kernel of a summability method

#(eA) for ¢ analytic, via contour integration of the Green function G,. We continue

with the definitions and assumptions in §1.




We require the following bounds on the eigenfunctions u(z, \) and spectral function
p of S-L. These follow immediately from well known estimates (l4), Ch. 3).
PROPOSITION 2: As \ — o0, u(z, ) and p()) satisfy (a)

u(z,\) = —3‘;  ein vz + o(-;-) (16)
#0) = 22 o)

if sin @ = 0, and (b)

u(z, \) = sin S cos VAz + 0(;1_;)

P = —— ¢ 0(;)

7v/Asin? 8

if sin 8 54 0.

Let {€},cc) S C C be a net of sumbers converging to 0. Let ¢(z) be an analytic
function in a simply connected open domain D, such that 1D D o(A) for € sufficiently
small. Let C be a positively oriented simple closed contour through oo such that for ¢
sufficiently small:

(i) o(A) C C C B,={z: |argz| < v} for some v > 0

(iiy 2 D eC

(i) S 452

(iv) For w in C, ¢(ew) = [, Her) gz,

s—w

dz < o

These four conditions will be denoted by [C].

The following lemma follows directly from the theory of operator calculi ia Hilbert

space. We include an explicit proof for completeness.

9
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LEMMA 3.1: Let f € L?[0,c0). Then

o . -1
et = [ FOus ol )aot) = o [ 21— 2 gagas )

where both sides are considered as integrafs of L?-valued functions.
Proof: By (iii) and (iv) ¢(ez) is bounded on R; hence ¢(cA) is a bounded operator on
L?[0,0). On the other hand, (1 — 1A)™" has kernel —zG_3(z,'); by Theorem 1,
(1 — 24)™ is uniformly bounded from L? to L? for z € C. Hence by (iii), the right
side of (17) is bounded as an operator on f.

It thus suffices to show that the left and right sides of (17) agree on a dense subset
of L2[0, cc). To this end, let f € L?[0,0), and F(x) € L}**. Then

HeA)f = f - F(\)u(z, \)¢(e2)dp(2)

= om /_b/ ¢(ez) '):)»lF()\)u(a:,k)dzdp()\)
" ) 2m/ .[..b 4’(53) (1 ) F(Nu(z, N)dp(\)dz (18)

z

= Ei-r—z- /; (:z) (1 — g) f(z)dz.

The interchange of integration is justified by

s -1
/c/_b 1@ I—SI IF(\)(lu(z, Nldpldz|
N é(e2) )
: s (xea::);.,zec 1= z )“F()‘)“w”“(z:)\)lloo.x L . |dz);

the boundedness of u(z, ) in X follows from continuity in A and Proposition 2.§

s LEMMA 3.2: If f € L?(0, 00| and
4 = ¢%(e))
€ <
? : /—b —ﬁ—dx < 00 (19)
' 10
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then ¢(eA)f(z) is continuous.

Proof: By the continuity of u(z,\), it suffices to show

/: F(\)u(z, \)d(eX)dp(\) Mo 0 (20)

uniformly on compact z-sets. (20) is bounded by

L -]
3z, \)9*(eN)dp(\ 0
1Pl [ 4000 0,
the convergence being uniform on bounded z-intervals, by Proposition 2. |

LEMMA 3.3: If

#2) i) < oo, (21)

JLI%

then [, “:')(1 — ‘})—lf(z)dz is continuous in z if f € L2.

Proof: We have

M(l_ ’_:)_If(z)dz= /c /; * ﬂ;ﬂ(_zc_%(z,:c’))f(z')dz’dz; (22)

c 2z

G__-ﬁ(z, z') is continuous in z, and the right side of (22) converges absolutely:
L1
cJo z

which is uniformly bounded for bounded z. §

26 _3(e, 11N ldz] < UFlaizG s, 2o [, |22

|dz,

(23)

From Lemmas 3.1-3.3, we conclude:

PROPOSITION 3: If (19) and (21) hold, then for f € L?, then ¢(cA)f(z) is continuous,
and for all z,
¢(ez)( 4)“ |
¢(£A)f (z) = . . f(z)dz. (24)

11
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We will now obtain a representation of the kernel for ¢(eA), from which sum-

lﬁabxlity properties are deducible.
THEOREM 4: If A is the S-L operator of §1, and ¢ is as above, then the summability

method ¢(e\) has kernel

n_ 1 / '
K (z,z') = 5 Jo #(ez)G_1(z,2) dz (25)
for € sufficiently small where C is any contour satisfying (C].
Proof: If f € L? we have by (23),

se)) = 5 [ seae — 4 sla)es

= [ den) [ o_yta o) stYiedz (26)

imi
= [ ket

Note that K¢(z,z') is finite when z 7% z’ for all € such that (iii) holds, by (6) and
Lemma 1.2.

We now establish properties of K, which suffice to prove ¢-summability for S-L
eigenfunction expansions. In allowing € — 0 in C, we assume certain constraints which
are required in order that K, remain well defined. We continue with the assumptions
and notation of the previous sections.

THEOREM 5: Let {¢},cs be a net of complex numbers, and ¢ be analytic in a simply
connected domain D such that there exists a C satisfying [C]. Let f € L(R*). Then
f 1:3 ¢-summable as € — 0 on its Lebesgue set and in LP for all p such that f € LP.

Proof: We have

d(eA)f = /; - K(z,2')f(z')d2’. (27)

12




We may assume without loss of generality that {C] and (25) hold for ¢ = 1; when

¢ is sufficiently small, we may substitute C — 1C without changing the value of the
q | integral, since since K, does not depend on the particular contour satisfying [C]. Heace, ’
K (z,z') = -;— ¢(ez)G 1(z,2')dz 1
i
‘1(’—)-0_;( )dz (28) |
2m cC 2z ¢
= ¢z — 7') + ¢z + z') + Re(z, 2),
where (in the notation of (12))
! ot #(2) z (o) /
(z,2) = 2m e G 1(z, ')z, (29)
i and R, is the remainder. By (15) and (iii), the mixed p,q norm
IRz, Vlpg =0 (1< 5, 00). (30)
Hence, if f(z) € LP(R¥) (0 < p < o0), thenfor L + 4 =1
* a0 o0
: I Rt 1@l < [ 1R ()i a
| < IRz Yl fllp =, O-
L The function ¢{*)(z) is a convolution kerne! which is symmetric and monotone decreas-
s ing in |z|. By the Minkowski inequality and (iii) of [C], ¢{¥)(z) € L}(R*).
P By the arguments in the proof of Theorem 1, this guarantees that for f € LP(R), g{!) »
| / (z) (::) pointwise for z in the Lebesgue set of f, and in L? (1 < p < o). It thus .
o
‘ remains to prove that f;- g{*)(z,2’)f(z,2')dz’~ 00 in L? (1 < p < o). This fact
E i y follows and from arguments identical to those proving (13). §
o The hypotheses of the Theorem are complicated for the sake of generality, We
i ! now sacrifice generality for more direct applicability:

13




COROLLARY: Let ¢(z) be analytic in an open domain D containing the closed set
{z : |argz| < 4} for some v > 0, and |¢(z)| = O(|z|"(1+5)) for some § > 0 as z — co
in D. Let € — 0 in the sector |arg €] < 41 < #. Then any f € L3(R*t) is ¢-summable

in LP (1 < p < oo) and on its Lebesgue set as ¢ — 0,

The proof of Theorem 5 also carries over (with some simplifications) to the case of
non-singular Sturm-Liouville expansions on a finite interval [a, b]; this situation is the
focus of the classical summability theory for eigenfunction expansions. For brevity we

present this result in a more restricted situation.

THEOREM 6: Let g(z) be a real-valued continuous function on [a,b], 2nd A= —£5 4-¢
have spectrum in [—b, oo]. If ¢(2) is analytic in a neighborhood D of B, = {z: |argz| < 7},
and ¢(z) = 0(z—(1+5)) in D, then for f € L?[a,d], the expansion of f in eigenfunctions
of 4 is ¢- summable on the Lebesgue set of A and in all L?[e,d] (p < co) which contain
f.

Among the classical summability methods encompassed by Theorems 5 and 6 are

the Abel (¢(z) = e—°*) and Gauss-Weierstrass (¢(z) = e—¢*") methods.

§ 4. Applications to Stable Summability

Stable summability has been a primary focus in the study of summability of eigen-
function expansions over the last twenty years (see [1,2,3,6]). It has practical applica-
tions in the theory of ill-posed problems in that small perturbations of eigenfunction

expansions arise in practice from limitations on measurement.

If the ¢ summability method has summability means #(eA)f(z), then the method

is pointwise stable if there exists a non-trivial scaling 4(e) such that for a net {f,} of

14
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L? functions with the property {f, — fll2 <7, ¢(e4) f,,(,)(z)g-_—:o f(z) on the Lebesgue
set of f.

The following theorem is proved in (1] on the semi-infinite interval, and the proof
extends with little change to finite intervals,

THEOREM T: Suppose that ¢(\) is a real-valued function and f, f, € L? on R or
[a,b] such that the following hold:

(3) If —fallz <7

() J5* £ < oo

(c) #(cA)f (z)e:»o f(z) uniformly on a bounded subset E of Rt or [a,b].

(d) a is a function of 4 such that as y —+ 0,a — 0, and ;7¥ — 0.

Then ¢(eA) f"(')(x)ejo f(z) uniformly on E; in particular ¢(cA) is a stable summation
method.

Hypothesis (c), a priori summability, has been shown to hold for ¢()\) satisfying the
hypothesis of Theorems 5 and 6; by Theorem 7, these theorems automatically provide
a broad class of methods for which stable summability can be shown to hold. In [6],
Tikhonov proved stable summability for ¢(\) = (1 + )" on the set of continuity
points of f € L?{a, 8], with scaling ;7; —» 0. This result is improved and generalized in

several ways by Theorems 7 and 6.
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THE STIELTJES KERNEL AND SUMMING

STURM-LIOUVILLE EIGENFUNCTION EXPANSIONS
by
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ABSTRACT: Given a general singular Sturm-Liouville (S-L) system on a semi-
infinite domain possessing a discrete negative and continuous positive
spectrum, the problem of inverting the generalized Fourier transform of

LP(0, @) (1 s p < ») functions is considered. We determine conditions under

which the generalized Sturm-Liouville eigenfunction expansions of Lp(O, ©)

(1 s p < =) functions f are Stieltjes summable to f with respect to the
Lp(o, =) norm for 1 < p < = and pointwise on the Lebesgue set of f. The
Stieltjes kernel, associated with the summability means, is defined to be

a scaled Green's function associated with a perturbation of our S-L system,
As an immediate application we see that the Stieltjes summability means of
eigenfunction expansions with perturbed coefficients converge pointwise to

the original function.
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§1. Introduction: The basic question considered in this paper is given the

generalized Fourier transform F{)) of an Lp(o, ») (1 < p < =) function f, how
do we obtain f back again from F(A)? Difficulties in answering this que;tion
; stem from the generalized nature of our eigenfunctions, that F()A) need not be
inteqrable, and for p > 2, F()A) may not be a function.

The answer to this question for Fourier and Sturm-Liouville eigenfunction
expansions lies in summability fheory. Harmonic analysis has used Cesiro, Abel, .
Gauss and in general, summability methods whose associated kernels are L'-
dilations of radially decréasing convolution kernels on the n-dimensional
Euclidean space IR" (n 2 1), IR real ([1]; (2], [3], [4]). From the perspec-

tive of self-adjoint differential operators Reisz (equivalent to Cesdro) sum-

hability has been applied to regular and singular Sturm-Liouville eigenfunction
expansions (5], (6], [7]).

Our motivation for considering Stieltjes summability lies in the fact
that this is the method which n&tura11y arises from Tikhonov's regularization
principle for solving a class of ill-posed problem [8]. Stieltjes summabi-
1ity was introduced [9] for LZ(O. ) functions in order to recover f(xo) from
a singular Sturm-Liouville expansion in which the coefficients are slightly
perturbed in the LZ(O, ) norm, In this paper we consider a singular Sturm-
Liouville (S-L) system defined on the half line with géneral boundary condi-
tions and which possesses a discrete negative and continuous positive
spectrum,

After providing the mathematical setting of our problem, we identify
the Stieltjes kernel associated with the Stieltjes summability means. This
kernel is a scaled Green's function where the Green's function is assocfat-

ed with a perturbation of our S-L system, Due to the nature of the problem,
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the eigenfunctions and hence the Stieltjes kernel have general representations.
Thus the kernel does not have the computational character of kernels such as
the Fejér and Poisson (which are the kernels associated with the Césaro and
Abel summability methods). .However'we are able to show that our kernel pos-
sesses properties analogous to those of the convolution kernels.

Our principal result for LP(o, = (1 s p < =) functions f is the LP(0, =)
(1 = p < =) and pointwise convergence on the Lebesgue set of f of the Stieltjes
summability means of the S-L expansion to f, We prove these summability results
by using well known results in harmonic analysis for dilations of a convolution
kernel [4]. We also use the fact that for p = 2, pointwise convergence of the
Stieltjes means was proved [9] solely on the assumption that f belongs to
LZ(O, =), (We mention that we could give an alternate proof of the convergence
of the Stieltjes means, with respect to the LP-norm and on the set of contin-
uity points of f, by using the properties of the Stieltjes kernel (Theorem 1)
and classical techniques & la Titchmarsh.)

Finally, as an application we show that if the coefficients in the
expansion of an LP(0, ) (1 < p < =) function are perturbed slightly in the
LZ(O, ) norm, then the Stieltjes summability method is stable. That is,
this method recovers a good approximation to f at points where f is suffi-
ciently regular.

Acknowledgement. It is a pleasure to thank Professor Aileen Bonami of

the University of Paris and Professor Mark Kon of Boston University who

suggested the techniques used.

§2, The S-L System: A detailed mathematical formulation of our S-L system

is now presented.
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Let S-L dénote the singular Sturm-Liouville system

u"(x) - q(x)ulx, A) = - w(x, A) (1)
with boundary conditions

u(0, A)cos B + u'(0, A)sin 8 =0 and u(e,r ) <=, (2)

where q(x) € L'(0, ») n L™(0, ») is continuous and real valued. The function

u(x, A) (for all X in the spectrum) are normalized by the conditions

u(0, X)) =sin B8 and u'(0, A) = - cos B (3)

The spectrum of S-L is bounded from below, discrete for A < 0 and con-
tinuous for A > 0 ([7], Theorem 3.1, p. 209 and Theorem 3.2, p. 211), The
non-positive spectrum is denoted by {kn} and thé associated eigenfunctions
by {u(x, An)}. In general u(x, \) denotes the eigenfunction associated with
the spectral element A, where ) ¢ {An} v (0, =).

For f(x) ¢ LZ(O, =), the S-L expansion of f is given by

© )

f(x) ~ ZF(R Julx, X )d + J F(A)u(x, A)dpe(}) = S F(A)u(x, A)dp(}) (4a)
xn 0 -b
where o
F(A) ~ E f{x)ulx, A)dx (4b)
0

In (3a), -b = inf kn, p(A) is the spectral function of the system under
the normalization (3), and d, = p(A:) - p(x;). In (4b), F(A) is the general-
ized Fourier transform of f(x) and F ¢ Lﬁ(-b, =) where Lg denotes the square
norm with respect to the measure p{A), The symbo)l ~ denotes convergence in

the Lz-norm as the upper limit of summation or integration becomes infinite.
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when f ¢ L2(0, ) the expansion in (4a) converges to f in the LZ(O, )
norm,'but the convergence need not be pointwise, For'f € Lp(o, @), p 21
and p + 2, the question of existence of the generalized integrals in (4a)
'-and (4b) must be determine&. To illustrate the complexity of this question,
we cite the classical Fourier ihtegrai. -Every f ¢ LP(-w » @) (1 sp s
has a Fourier transform %(A) (defined as a tempered distribution) that co-
incides with an LP function if.1 s p <2, But for p > 2 there exist LP
functions whose Fourier transforms cannot be expressed as a function. So
one of our main 6bjectives is to determine when (Ab) and Stieltjes summabi-
1ity means of (4a) e*ist.
A1l proofs herein are for the class of singular continuous spectrum
S-L expansions associated with the system (1) thru (3). We remark that
these proofs carry over, more simply, to regu]af S-L expansions on finite

intervals,

§3, The Stieltjes Kernel: The summator or weight function for the Stieltjes

summability method is ¢{(1) = (1 + A)'1., The Stieltjes summability means,

where they exist, of the S-L expansion (4a) are denoted by

Sa(f; X) = X "I_ES-—A?;_)\' u{x, A)dp(2r) 0<a <-:; (5)
' -b

where o is the summation parameter and x is fixed. The S-L expansion (4a)
is called Stieltjes-summable at Xo if 1im Su(f; xo) exists and called
Stieltjes-summable to f at x, if lim Solfs xo) = f(xo).

. o0
Formally S (f; x) may be rewritten as

Salfs x) = S f(x) K (x, s)ds (6)
0
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where the kernel Ka(x, s) is formally given by

@

Ky(%s s) =J ulx, Auls, A) o),
0

The immediate objectives are to determine when Sa(f; x) is defined and to

derive a formula for the kernel Ku(x, s).

It is a consequence of [9) that for f ¢ LZ(O. w)

: 1 )
So{fs x) =3 J 6(x, s; ) f(s)ds (7)
0
where G(x, s; %) is the Green's function of the distributional equation

~"(x, A) + [9(x) + glu(x, ) = = 8.(x) (8)

where u(0) = 0 and u(=) < =, and where §, is the Dirac distribution cen-
tered at s. From (6) and (7), it is natural to define the Stieltjes kernel
Ka(x, s) for f ¢ LZ(O, =) to be % 6(x, s; %) where G(x, s; %) is as above.
To determine under what conditions (7) would be true for Lp(o, )
functions, (1 s p < =), we must, due to the nature of the eigenfunctions,
consider cases based on whether sin 8 = 0 or not. 1In general, however, the
procedure is as follows: For an L](O, @) function f(]), we Tet {fn}n be a
sequence of functions. which belongs to a dense subset of L’(O, ®), say
L] n Lz, and which converges to f(1) with respect to the L‘-norm. We then
prove identity (7) for L1(0, w) functions by using (7) for LZ(O, ) functions.
An interpolation theorem will prove (7) for Lp(o, w) (1 < p <2) functions.
Lastly, for p > 2 we impose restrictions to insure that the improper in-
tegrals exist and thereby proving the identity (7) by standard arguments.
First we need a bound on the Green's function G(x, S; %). Since we are

unable to calculate G(x, s; %) directly, we calculate the Green's function

G*(x, s;A%) for o > 0 of

g g g 3 = . ) - ey =" - RO 0 TR e o B
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- (x) + g ulx) = - 8(x) (9)

7=

where

u(0) =sin 8 and u(e) <=,
(

—\ﬁ-\%:—.:/j/—:n B{\ﬁ: cos B8 sinh \/i.;- sin 8 cosh -j—:}, s <X

6(x, 53 3) » 4 (10)

__i; e-S/\/: {ﬁcos 8 sinh == - sin B cosh i—}. s > X
\/u_cos g - sing \/; \/;

We recall that the q(x) in our S-L system is uniformly bounded, say by

l-). The import .

M > 0. This was done in order to be able to bound G(x, s; S

': of our next lemma is that the Green's function of our S-L system is bounded

between a combination of Green's functions, each of which is bounded by a

bell-shaped convolution kernel which is radially decreasing in the parameter

o on IR,
P 4
Lemma 1: (a) 6*(x, s; %{) = G(”(x, s; 13) + 6(2)()(, s; -15) (MNa)
where A
-x-sl/ Vo
G“)(x, e 1;) = \/'Ot_-e-——z-———-, G(z)(x, s3 '33;) =
: .
‘ . \jz-oTsin B+ Vo cos B e-|X+S|/\/°T 0Sx,s, <= (11b)
(sin B - \/&_cos 8)
s (b) For |q(x)|SM.-M+%>06ndx€(0.°)
P ero(x, 55 M+ d) = 6k, s medy - 160k, s ma )i s 6le, 5 D)
-
; ' s Gm(x, s; - M +%,-) + lG(z)(x. s; - M +]3)| = G**(x, s; - M +-]5) (1
. (e) =+ l6lx, s3 2 ¢ 3 gIxslr Ve (13)
. a ‘
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Proof. Part (a) follows from an easy calculation on (10). Part (b) follows
by substituting * M + % for % in (11b) and comparing terms, Part (b) implies
part (c).

The following approximations on the eigenfunctions_and spectral function
p for large X follows from [7, Equation 3,5, p. 205] and [7, Theorem 3.2, p.
211 and p. 206] respectivé1y.

Lemma 2: As A -, u(x, ) and p(}) satisfy

' (a) ifsinB =0

u(x, A) = - cos B sin\/—{x + 0(-})

A
VA (14)
p'(2) = Vi +0(1),
T cos“B
and
(b) if sinB# 0
ul(x, A) = sin 8 cos\/x-x + 00%)
‘ (15)
1 ]
H(A) = + 0(3).
° T NA sinzB A

We remark that u{x, A) is bounded in x for fixed )\, and bounded in )

for fixed x, but it is not bounded jointly. Moreover, u(x, A) may get large

. as X gets small for x large.

We prove the lemmas in the following order: sin 8 # 0and 1 s p s 2,
sin 8= 0and 1 < p s 2; and lastly for arbitrary sin g8 and p > 2. We have
noticed that the proofs of these lemmas go through identically if we re-
place the Stieltjes weight function (1 + x)" by a summator function ¢(2A)

* o
which is analytic, bounded and such that I 3i—ldx < o, Moreover, if our
-b VA

summator function (1 + A)'1 were replaced by a function ¢(A) which is in

L‘(O, ) and analytic, then the following lemmas can be obtained with less
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assumptions, (Of course, the Stieltjes weight function satisfies

{ I sdx » but is not in L'(0, =),)

o

In Lemma 3 the following notation is used when {fn}n:H is a sequence of

L' n L2 functions. Let

(]

Fn(k) = Iofn(x)u(x, A)dx
and -
F (2)
Sa(fn; x) = J T u(x, A)dp(X)
-b

Lemma 3. For sin B # 0, if fe L](O, w) and {fn}n:H is a sequence of L] n L2
1

i functions which converges to f in the L -norm, and if u(x, 1) is uniformly bounded
in A for x 1érge, then
(a) Fn(A) - F(X) converges uniformly in X to zero as n + =
(b) Solfs x) - Sa(f; x) converges pointwise to zero as n + = ;
¥ (c) Sa(f; x) is co:}inuous in x and belongs to Ll(o, ®);
(d) Sa(f; x) =<% Ios(x, s;'%)f(s)ds pointwise and where G(- ; %) is Green's

function for (8).

Proof: By Lemma 2 part (b), u{x, A) is uniformly bounded in A for bounded x.

The proof of part (a) follows by our assumption on u(x, A) and Ilfn - fi|1 +0

as n +» o,

! , © To prove part (b), we write

Solfyi ) = S{f3 x) = [b[rn(x) - F0] $2 M go(n).

In the case sin B # 0, Lemma 2 gives u(x, A) = O(N/K), do{)) = 0(%) and so the

-

product of the last three terms in the integral fis O(-s}z). The proof is com-
p\

.wr«i o o

pleted by using part (a).
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To prove part (c) one need only observe that F(A) € L™(0, =) (as

felL'(0, »)), u(x, A) is uniformly bounded for bounded x-intervals, and

[ ]
Tﬂgi%% = 0(;%0. Thus the improper integral I Tfélﬁf u(x, A)do(2) converges
-b

absolutely and uniformly in x. Hence Sa(f; x) is continuous in x and belongs
to L'(o’ °°)-

Finally to prove part (d), we recall [9] that for f, € LZ(O, «)

1

= 1 .1
Sa(fn, x) = “nj G(x, s; a)fn(s)ds.
0
pointwise., Next we note that
@ . ]
1 1 : S ] B
: a-j G(x, s; a)fn(s)ds converges pointwise to E»I G(x, s; E)f(s)ds
| 0 °
as w
| 21 6tx, s DL (s) - £003as| s Lje(- 5 DIy, e, - £l » 0
o * 7o't 'n a > ol lle n 1
0

pointwise as n » =, {For the bound on G(- ; %) see Lemma 1),

Y

So Su(fn; x) converges pointwise to both Sa(f; x) (part (b)) and
0

% K Ga(x, s) f(s)ds and so the proof of part (d) is complete.
0
Next we use an interpolation theorem to extend the result of part (d)

to LP(0, =) functions for p between 1 and 2.

Lemma 4: For sin B # 0, f ¢ Lp(O, @), 1 < p < 2 and under the assumptions
! of Lemma 3, then
(a) Sa(f; x) is continuous in x;
- -]
(b) S (f; x) = 1 X G(x, s; l)f(s)ds pointwise and where G(- ; l) is the Green's
a R a a
function for (8);

(c) Sa(f; x) belongs to LP(0, =), 1 < p < 2.
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Proof: If f ¢ LP(0, =) where 1 < p < 2, then f can be expressed as the

sum of an L‘(O, «) and LZ(O, w) function, namely

f(x) f(x)x|(X) + f(X)xl()lt)] = fy(x) + f,(x).

|s1
We then write

Solfs X) = Sy(f13 %) + S.(f5 %) S Ty u(x, Mo

0
where F(\) is the sum of the L™(0, w) Fourier coefficient F1(x) associated with

f] and the LZ(O. =) Fourier coefficient Fz(l) associated with fz.

The continuity of Sa(f; x) now follows by separate arguments for the con-
tinuity of Sa(f1; Xx) and Sa(fZ; x). The first follows by.Lemma 3 and the second
[9] by Cauchy-Schwarz and [7, Corollary 1, p. 116].

Similarly, the proof of part (b) follows by separate arguments on Su(f]; x)
and Sa(fz; x) (Lemma 3 and [9]).

Finally we show that Sa(f; x) belongs to LP(0, =) by observing that G(x, s;-%)
is bounded by half of a bell-shaped convolutibn kernel (see Lemma 1). As
fe Lp(O, o), G(x, s;'%) and its bound ¢ LT(O. »), the convolution is well de-

fined and converges absolutely a.e. in x. So by Young's inequality we have

i . o Ix-s1/ Vo
1S (f, s)|{ = II—S 6(x, s; =)f(s)ds|| = Cllj —_—
a p a 0 a P 0 \ﬂ;'

o |x- -s|/Ve,

SC”——T——”] Hf” » where C = 3,

We will use the following notation in the next two lemmas. Let L

f(s)ds||p

2
1oc(°’ =)

denote the space of functions which are square integrable over every compact sub-

set of (0, ), For f ¢ Lp(o, o) we define

N
fy(x) = s F(A) u(x, A)dp())
-b

and
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N
. u{x, X
Sa(fN’ x) j F(A) = o de(1),
-b
where F(A) e L™[-b, N] for p = 1, and F(2) e'Lfoc(O. w) for p > 2.

We continue now with the case sin 8 =0 and 1 sp < 2,
Lemma 5: For sin 8 =0 and f € L1(0, @), if

fy(x) + £(x) in L'(0, =),
and
Sa(fN; x) + Sa(f; x) pointwise as N + =

then

(a) Sa(fN; x) = % IOG(x, s %)fN(s)ds

1

(b) S, (fs x) =5

f;G(x, s; %)f(s)ds

(c) Sy i x) € L](O. ®),

Proof. Define

R
Fy(2) = F(X) x_ (O 1
[‘b’N]
and
F(A
Fy of(A) = x () .
N,C! + QA [-’b’N]
i Clearly FN and FN o belong to L2 n L”. This in turn implies that fN and
| Sa(fN; x) belong to L2(0, ), And so by [9]
f S (f.3 x) =~ | 6(x, s3 &) f,(s)ds
v a''N’ o 7 a’ N *
0 (- -]
L, To prove part (b) we observe that % l 6(x, s; %)fN(s)ds converges to 1
' 0
“ 1 (7 1 .
P 3 joﬁ(x. s; S)f(s)ds pointwise as ||fN - f“l + 0 as N + =, By hypotheses,
% , Su(fN; X) converges pointwise to Su(f; x), and so the equality holds.
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Part (c) follows from (b), a bound on G and f ¢ L](3; w),
Again we use an interpolation theorem to extend Lemma 5 part (b) to

LP(0, =) functions, 1 < p < 2, when sin B = 0.

Lemma 6: For s%n =0, fe Lp(O. ), 1 < p < 2 and under the assumptions of

Lemma 5, then

() Sy(fs x) = ¢ f 6lx, 53 (xS

(b) S.(f; x) e LP(0, =), 1 <p<a,

Proof: If f ¢ Lp(O, @), 1 <p <2, then as in the proof of Lemma 4, f can be
expressed as the sum of an L](O, ) and an LZ(O, =) function, fis f, respectively.
Thus the generalized Fourier coefficient of f belongs to L (0, =) + LZ(O, ®),

Clearly
N

Solfys X) =X F(A) is (x, A)dp(})
b
exists for finite N, Letting Sa(f; x) = Sa(f1; x) + Sa(fz; x) and applying

Lemma 5 to Sa(f]; x) and (7) to Sa(fz; x) we see part (é)-is proved.

The proof of part (b) is similar to that of Lemma 4 part (c).

Lastly we consider the case of Lp(o, ) functions for p > 2 and sin 8
arbitrary. The assumptions of the following lemma are motivated by the fact

that for p > 2, F(A) may not be a function.

Lemma 7: For f e LP(0, w), p>2, if

N
(1) fN(x) = I. F(AMu(x, A)dp{)) exists, converges pointwise for each N and for

each fixed x where F()) ¢ Lfoc(o, ®),
(2) fy(x) » f(x) in LP(0, =), p > 2;
(3) Sa(fN; x) exists for each fixed N_and x, and converges pointwise to

Sa(f; x) for each fixed a, X as N + o ,
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then
() S (f;x) =1 f otxs s Lyg(s)as;

(b) s (f; x) € LP(0, =), p > 2.

Proof. As F(A) € Lfoc(o, =) implies f, ¢ L2(0, =), we have
. _ ul(x, i) 2y
Sa(fN’ x) = S F(2) X[-gxg] T o do(}) = 5 J Gu(x, s)fN(s)ds.
b , 0

Moreover

IJ(; [ 6(x, s; ]E)fN(S)ds-- ;L-j G(x, s3 %)f(S)dSI s lllaG(- ; -l;)llq Iy = £,
0 0

. 11 ] N
as N>« for p >0, g >0 and 3n+ =1, Thus 3 IOG(x, s: E)fN(S)ds converges

1
® A
pointwise to % I G(x, s3 %)f(s)ds. The proof of part (a) is completed by using
hypothesis (3). °
The proof of part (b) follows from Holder's inequ&]ity.

The following definition is now motivated by Lemmas 3 through 7.

Definition: The Stieltjes kernel Ka(x, s) for the Stieltjes means (5) of
an LP(0, =), p s 1, function f, is defined to be % G(x, s; %) where G(x, s; %)
is the Green's function for the perturbed S-L system (8).

Properties of Ka(x, s), the Stieltjes kernel, analogous to those of the

convolution kernels are now proved,

Theorem 1: If Ka(x, s) is the Stieltjes kernel, then

(a) 1lim S K (x, s)ds = 1;
0’0 ¢
(b) For each £ > 0, 1im ‘/ K (x, s)ds = 0, 0 <x, s <=3
o0 “|x-s|>¢
: q 1/q .
(c) For each ¢ > 0, 1im [j' Ka(x, s)ds] for q > 1;

o0 T x-s|>¢

e ———— = e ——— e e

0
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(d) ka(x, s) ~ 0 uniformly for all x and s as a + 0 for which |x - s| >¢ > 0

and 0 £ x <§ < ®,

Proof: By Lemma 1 it follows that

1

1 Cwa L yge <) . 1
ES G**(x, s; M+ cl)ds SEJ G{x, s; E)ds SEJ G**(x, s; - M+ a)ds.

0 0 0
An easy calculation shows that the upper and lower bounds approach one as a + 0,
As Ka(x. s) ='% Ga(x. s), part (a) is proved.
To establish part (b) we use Lemma 1 part (c) and evaluate the bounding
function on |x - s| >eas a~+ 0,
Proof of part (c) is the same as (b).
Finally to prove part (d) we use Lemma 1 part (c) and note that the bounding

function approaches 2zero as a approaches zero independent of x and s provided

|x - s] >e>0.

§4, Recerring f from F(A\): By using two standard theorems of harmonic analysis

(4, Theorem 1.18, p. 10 and Theorem 1.25, p. 13], we now prove the principal re-

sult of this paper.

Theorem 2: Let f e LP(0, =) (1 s p <) and Ku(x, s) be the Stieltjes kernel,

Then
o (- 2

G(x, s; %)f(s)ds = X Ka(x, s)f(s)ds + f(x) as a+ 0
0

(a)

=3 b

|

in Lp(O. ) (Y s p < =) and pointwise on the Lebesgue set of f;

0

(b) Under the hypotheses of Lemmas 3-7, the Stieltjes summability means




'Y

~ v
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@

So(fs x) = J Tfél%x u(x, A)f(s)ds + f(x) as a+» 0, 0 < a < %
-b
in LP(0, ») (1 s p < «) and pointwise on the Lebesgue set of f.

Proof: Referring to Lemma 1, we write,

G(x, s; %) G**(x, s; M +%) + [6(x, s; -1;) - G**(x, s; M +13)]

A

. LR . 1 . 1
G**(x, s; M + a) + [G**(x, s; - M + u) - G**(x, s; M+ a)]'

Similarly,

G**(x, s; - M+ %) + [G**(x, s; M +-l-) - G**(x, s; - M +%)] s G(x, s; 71-).

Each of the G** is expressed in terms of G(]) and G(Z) (see (11 a-b) and (12)
of Lemma 1).

G(]) to be L]-dilations

Now extend f(x) to be O for x s 0. We interpret the
of radially decreasing convolution kernels in IR, So the conclusion of this
theorem holds for all G(]) by the well-known theorems in harmonic analysis.

That is, % IwG(1)(x, s3: M+ %)f(s)ds + f(x) as a - 0 in PO < p < ») and point-
wise on the Eebesgue set of f.

Considering G(Z) on IR,'replace s by -s. This changes G(z)(x, S; * M+ %)
into a convolution kernel on IR and f(s) into a function which is 0 on IR*. And
S0 %-I:G(z)(x, S; * M+ %)f(s)ds +0as a-+0in Lp(l < p < ) and on the
Lebesgue set of f.

To complete the proof of part (a) we need only observe that

1 ] G**(x, $; + M + %)f(s)ds + f(x) as a+ 0

g
and

% ]:[G**(x. s} - M+ %) - G**(x, s; M+ %)]f(s)ds - f(x) - f(x) =0

as a » 0 in LP(1 < p < =) and on the Lebesgue set of f,
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The proof of part (b) is immediate after noting that under the conditions

of Lemmas 3-7, Sa(f; x) 'j:ka(x. s)f(s)ds = %'J:Ga(x, s)f(s)ds.

85. Application to Stable Summability: In experiments which give the coeffi-

cients of eigenfunction expansions [8), measuring errors cause small perturbations
{n the expansion coefficients., Thus stable summability methods which recover
from the perturbed expansions a good approximation to the original function f,

at points where f is sdfficiently regular, are of interest.

For the remainder of this paper, we assume that f ¢ Lp(O, o) for 1 sp<w
satisfies the hypotheses of Lemmas 3-7. This insures that the Stieltjes summa-
bility means Sa(f; x) exist. As usual, F(A) denotes f's generalized Fourier
transform.- Let {fv(x)}Y be a sequence of L"(0, ») function 1 s r < = which also
satisfy Lemmas 3-7 and such that the associated generalized Fourier transforms
{FY(X)} denote a net of approximations to F(A) such that to each value of the

index v, FY(X) satisfies
- -]
‘ 2 1/2
- = - )\ )\ < .
17y = Fll, {I IF, () = F(3)[%do(2)) Y
-b
We say a summability method is pointwise stable if there exists a non-

trivial scaling y(a) such that for {F-Y(A)}Y satisfying ||FY - Fllz <y and

Sa(f; x) +» f(x) pointwise as a - 0, then Sa(fy; x) + f(x) pointwise as a - O,

Our final result says that (under our restrictions) the Stieltjes summabi~
1ity means S(fy; x) furnish a stable summation method, if the summation parameter
a is approximately scaled to go to zero with y. The proof of this theorem is

essentially the same as (10, Theorem 1, p. 282].

Theorem 3: Let f ¢ LP(0, ») (1 s p < =) and () ¢ L0, ©) (1 s v <)

satisfy the hypotheses of Lemmas 3-7. Suppose that the following hold




() 11F, - Fllp s v
(2) Sa(f; x) - f(x) as a =~ 0 uniformly on a bounded subset E of (0, =)

{(3) o is a function of y such that both a + 0 and Y/u1/4

+0as y+ 0, Then
(a) Su(f; x) =+ f(x) as o + 0 uniformly in E, and

(b) S is a stable summability method

We observe that this theorem holds for general summability methods where
A - 2

the summator function ¢ is real valued and j ELillﬂi < ™,

| N
Finally, we comment that the Stieltjes kernel for Sa(fy; x) is the same

as the Stieltjes kernel for Su(f’ x).

Remarks: We close this paper with two remarks. First all proofs herein
were carried out for the class of singular continuous S-L expansions. We em-
phasize that the hypotheses of the results and their proofs are simp]ifiéd for
regular S-L expansions on finite intervals.

Second, in a joint paper with Professor Mark Kon, the results herein are
extended to proving summability for a class of singular Sturm-Liouville expan-

sions using dilation of analytic multipliers [12].
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